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Outline of the talk

1 A Tale of two���XXXCities Works:
a forthcoming book and an old paper (or "why I got into this").

2 Uncertainty Relations in Classical Statistical Physics

3 Conclusion
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A Tale of two��XXCities Works

The forthcoming book (Princeton Press 2020)
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A Tale of two��XXCities Works

The old paper

��
��↙"It was the best of times,

it was the worst

of times, ...

it was the season

of Light,

it was the

season

of Darkness"

C. Dickens
"A Tale of

two Cities"

L. Peliti & P.M.-G. arXiv:2006.03740

P. Muratore-Ginanneschi (Helsinki Univ.) Uncertainty Relations and Diffusion Processes Helsinki 2020 4 / 15



A Tale of two��XXCities Works

The old paper

��
��↙"It was the best of times,

it was the worst

of times, ...

it was the season

of Light,

it was the

season

of Darkness"

C. Dickens
"A Tale of

two Cities"

L. Peliti & P.M.-G. arXiv:2006.03740

P. Muratore-Ginanneschi (Helsinki Univ.) Uncertainty Relations and Diffusion Processes Helsinki 2020 4 / 15



A Tale of two��XXCities Works

Fürth’s 1933 main results
Fürth proves that

Fürth argues that
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A Tale of two��XXCities Works

What does Fürth refer to when he writes ∆v ?

∆x∆v ≥ D

∆x :

mean square root of the position
process

D :

Diffusion coefficient
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Uncertainty Relations in Classical Statistical Physics

A "modern" derivation
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Uncertainty Relations in Classical Statistical Physics

Continuous Markov Process in Rd

Assumptions on the process
{ξt}t≥ 0:

Independent increments
Gaussian statistics of the
increments: infinitely divisible
& Levy stable

First and second order cumulants of the increments specify the dynamics:

b(x, t) = lim
s↘ 0

E

(
ξt+s − ξt

s

∣∣∣∣ξt = x
)

drift

D(x, t) = lim
s↘ 0

E

(
(ξt+s − ξt) ⊗ (ξt+s − ξt)

s

∣∣∣∣ξt = x
)

diffusion
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Uncertainty Relations in Classical Statistical Physics

Kolmogorov’s dual picture of the dynamics
Forward evolution of densities ("Schrödinger picture"):

∂tT(x, t
∣∣y, s) + ∂x · b(x, t)T(x, t

∣∣y, s) =
1
2

Tr ∂x ⊗ ∂xD(x, t)T(x, t
∣∣y, s)

p(x, t) =

∫
Rd

ddyT(x, t
∣∣y, s)p(y, s) t ≥ s

Backward evolution of observables ("Heisenberg picture"):

∂sT(x, t
∣∣y, s) + b(y, s) · ∂yT(x, t

∣∣y, s) +
1
2

TrD(y, s)∂y ⊗ ∂yT(x, t
∣∣y, s) = 0

E
(
f (ξt)

∣∣ξs = y
)

=

∫
Rd

ddx f (x)T(x, t
∣∣y, s) t ≥ s

lim
|t−s|→ 0

T(x, t
∣∣y, s) = δd(x− y) in all cases
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Uncertainty Relations in Classical Statistical Physics

Time symmetric increments

Time reversal of Markov processes (Kolmogorov 1937)
Given p(x, t) for all t ∈ [0,T] and x ∈ Rd

TR(y, t
∣∣x, t + s)p(x, t + s) = T(x, t + s

∣∣y, t)p(y, t) s > 0

Current velocity

v(x, t) = lim
s↘ 0

E

(
ξt+s − ξt−s

2 s

∣∣∣∣ξt = x
)

definition

≡ lim
s↘ 0

∫
ddy y

T(y, t + s
∣∣x, t)−TR(y, t − s

∣∣x, t)
2 s

definition rewritten

= b(x, t)− 1
2p(x, t)

∂xD(x, s)p(x, t) calculation
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Uncertainty Relations in Classical Statistical Physics

Does it matter?

Fokker-Planck becomes mass continuity:

0 = ∂tp(x, t) + ∂x ·p(x, t)

v(x, t)︷ ︸︸ ︷(
b(x, s)− 1

2p(x, t)
∂xD(x, s)p(x, t)

)
Remark (Fényes 1952): If ψ(x, t) satisfies the Schrödinger equation

p(x, t) = |ψ(x, t)|2 & v(x, t) = Imψ∗(x, t)∂xψ(x, t)

Average entropy production of a thermodynamic process:

Stf,ti ∝ E

∫ tf

ti

dt ‖v(ξt, t)‖2 ≥ 0
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Uncertainty Relations in Classical Statistical Physics

Fürth’s first result in "current" language

(∆ξt)
2 =

∫
Rd

ddxp(x, t)‖x− E ξt‖2

(∆vt)
2 =

∫
Rd

ddxp(x, t)‖v(x, t)− E v(ξt, t)‖2

Cauchy–Schwarz inequality

(∆ξt)
2(∆vt)

2 ≥
∣∣∣∣E (ξt · b(ξt, t)

)
− (E ξt) · E b(ξt, t) +

1
2

E TrD(ξt, t)
∣∣∣∣2

Heisenberg’s type uncertainty when E
(
ξt · b(ξt, t)

)
− (E ξt) ·E b(ξt, t) ≥ 0.

At equilibrium v = 0 by definition.
In general (∆ξt) ∆v(ξt, t) ≥ 0
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Uncertainty Relations in Classical Statistical Physics

Case of a generic observable

Mean forward derivative

D+f (x, t) = lim
s↘ 0

E

(
f (ξt+s, t + s)− f (ξt, t)

s

∣∣∣∣ξt = x
)

=

(
∂t + b(x, s) · ∂x +

1
2

TrD(x, s)∂x ⊗ ∂x

)
f (x, t)

Time symmetric derivative

D̄f (x, t) := lim
s↘ 0

E

(
f (ξt+s, t + s)− f (ξt−s, t − s)

2 s

∣∣∣∣ξt = x
)

= (∂t + v(x, t) · ∂x) f (x, t)

v(x, t) = b(x, s)− 1
2p(x, t)

∂x

(
D(x, t)p(x, t)

)
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Uncertainty Relations in Classical Statistical Physics

Fürth’s second result in "current" language(
∆f (ξt, t)

)2
=

∫
Rd

ddxp(x, t) (f (x, t)− E f (ξt, t))
2

(
∆D̄f (ξt, t)

)2
=

∫
Rd

ddxp(x, t) (D̄f (x, t)− E D̄f (ξt, t))
2

Cauchy–Schwarz inequality

(∆f (ξt, t))2(∆D̄f (ξt, t)
)2 ≥

∣∣E (f (ξt, t)D+f (ξt, t)
)

− (E f (ξt, t)) E D+f (ξt, t) +
1
2

E
(
(∂ξ̄t

fξt, t) ·D(ξt, t) · ∂ξ̄t
f (ξt, t)

)∣∣∣∣2

Heisenberg’s type uncertainty when f is a martingale
D+f (x, t) = 0 (physically: statistical conservation law)
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Conclusion

Some final remarks

Uncertainty relations for diffusion processes: Brownian motion is
continuous but nowhere differentiable. Increasing the resolution of the
position observation reveals the ill-defined velocity.
Fürth: more accurate measurements only by decreasing the diffusion
coefficient (e.g. low temperature!).
Fürth: assigning a position probability distribution via a position
probability amplitude is a way to "encode information" about velocities (as
it appears in Ehrenfest’s "theorem").
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